Abstract. Sheet metal stamping processes have been widely implemented in many industries due to its repeatability and productivity. In general, the simulations for a sheet metal forming process involve nonlinearity, complex material behavior and tool-material interaction. Instabilities in terms of tearing and wrinkling are major concerns in many sheet metal stamping processes. In this work, a sheet metal stamping process of a mild steel for a wheelhouse used in automobile industry is studied by using an explicit nonlinear finite element code and incorporating failure analysis (tearing and wrinkling) and design under uncertainty. Margins of tearing and wrinkling are quantitatively defined via stress-based criteria for system-level design. The forming process utilizes drawbeads instead of using the blank holder force to restrain the blank. The main parameters of interest in this work are friction conditions, drawbead configurations, sheet metal properties, and numerical errors. A robust design model is created to conduct a probabilistic design, which is made possible for this complex engineering process via an efficient uncertainty propagation technique. The method called the weighted three-point-based method estimates the statistical characteristics (mean and variance) of the responses of interest (margins of failures), and provide a systematic approach in designing a sheet metal forming process under the framework of design under uncertainty.
INTRODUCTION
Sheet metal forming processes have been widely used to fabricate a desired sheet metal product in many industries such as automotive, appliance, aerospace, and others. Productivity and high strength but light weight products are among strength of sheet metal forming processes. However, uncertainties due to uncontrollable conditions (e.g. metal suppliers, forming conditions, and numerical errors) play an important role and need to be taken into account in the design process.
The design process considering uncertainties for sheet metal forming processes requires integration of engineering analysis, statistical analysis, and decision making. Design and optimization under uncertainty provides a means such that unacceptable failures are unlikely to occur with an acceptable confidence. Models for uncertainty propagation, an important part of the uncertainty analysis, are generally costly. Furthermore, the probabilistic model generally is even more costly to the extent of unaffordable when its corresponding deterministic simulation is already very expensive to model, such as simulations of sheet metal forming processes.
In most engineering applications, mean and variance are the parameters of interest to define a probabilistic system. Uncertainty propagation techniques for statistical moments have evolved from analytical probabilistic models and a sampling-based approximation technique called Monte Carlo simulation (MCS) . Analytical probabilistic models mostly are very difficult to develop. MCS, on the other hand, is a powerful approximation technique that relies on pseudo random numbers but it requires a large (and often impractical) computational effort. We use an approximate technique, called weighted three-pointbased method, for mean and variance approximation proposed in Buranathiti, Cao and Chen (2004) and Buranathiti, Cao, Chen and Xia (2005) to conduct a probabilistic design.
Failures in sheet metal fabrications generally come from three main phenomena: springback, tearing and wrinkling. In this stamping study our focus is on tearing and wrinkling. Tearing is a failure due to an excessive localized load leading to a local instability causing the sheet metal to split (Swift, 1952; Keeler and Backofen, 1964; Marciniak and Kuczynski, 1967; Cao and Yao, 2002) . Wrinkling is an unstable phenomenon mainly due to excessive in-plane compressive loads (Wang and Cao, 2000) . These failure modes need consistent means of quantification so that further design is possible.
The main focus of this work is to create a framework of a robust design model that achieves a design specification in terms of failure free and takes into account uncertainty with an efficient effort for sheet metal forming processes. The paper is organized as follows: A robust design model for a wheelhouse stamping process is presented in Section 2. Quantification of margins of failures in both tearing and wrinkling is presented in Section 3. Statistical moment estimation via the weighted three-point-based method is briefly given in Section 4. An illustration example is presented and summarized in Section 5, followed by discussions and concluding remarks in Section 6.
ROBUST DESIGN MODEL FOR A WHEELHOUSE STAMPING PROCESS

Robust Design Model
The model for robust design is defined to maximize the total margin and to minimize the variance of the margin while the margins at each criterion are positive. The mathematical model can be written as follows:
.
where is the objective function; is the i th constraint value; and are weighting factors for normalized means and normalized variances, respectively; w i is a weighting factor for the i th component;
is the mean value of f i ; is the variance value of ; and are used to normalize the two aspects of the robust design objective; is the i th moment factor (corresponding to a minimum reliability) to capture the feasibility of a robust design constraint under uncertainty. In this model, we assume a better design has a larger safety margin against failure.
A Wheelhouse Stamping Process
In this study, we focus on a design of restraining sources for forming a (1.0m × 0.5m) wheelhouse used in automobile industry. We used drawbeads as a restraining tool. The main tooling setup for the wheelhouse forming is shown in Fig. 1 . All tools are assumed to be rigid bodies in this study like most cases in literature. The binder and the punch are moved to form a blank into a desired shape. In explicit codes, we increased the tooling speed from the real physical conditions in order to obtain an affordable computational time because of the conditionally stable structure of the code. The tooling speeds of the binder and the punch are set at around 4.8 m/s and 1.2 m/s, respectively, compared to about 100 mm/s in a physical stamping process.
QUANTIFICATION OF MARGINS OF FAILURES
Failure analysis in sheet metal forming is a very challenging task for sheet metal process designers. It is crucial to be able to identify any possible failure before conducting costly tryout experiments. In this wheelhouse stamping process, we focus failures in terms of tearing and wrinkling. In tearing prediction, we use stress-based forming limit diagrams (SFLD) as the prime analysis tool. In wrinkling prediction, an energy-based approach proposed in Wang and Cao (2000) is used to estimate the critical in-plane compressive stress. Plastic instability relates to a condition of plastic deformation at a point that the deformation would continue under a failing load; the process would become unstable. A general technique for tearing prediction is to establish a forming limit diagram (FLD, Keeler and Backofen, 1964 ) that defines the boundary of uniform straining and the onset of local necking. However, there is a strong dependence of strain-based FLD on nonlinear strain path as shown in Fig. 2 . This phenomenon leads to great difficulties in design processes. Works on stress-based forming limit diagrams (SFLDs) presented in Arrieux et al. (1982) and Stoughton (2000) have provided a detailed argument that SFLD is somewhat independent to strain paths. Reports in literature show that there is a small band of critical values for tearing corresponding to different loading paths in the stress space. The idea is that the conclusion from the tearing analysis can mostly be drawn from a single diagram.
Tearing Prediction Model
In a design model, we need a quantitative measure or index rather than a qualitative measure giving only either fail or safe (e.g. zero or one). In this study, we define a margin of tearing, which represents the shortest distance between the limited and applied stress on the stress-based forming limit diagram as illustrated in Fig. 3 . To be consistent, we define the positive value for margin when the applied stress is on the safe side and vice versa. An equivalently mathematical expression is written as
where is the SFLD and is the applied stress.
The unit of is MPa.
critical σ σ i f In-plane principal stresses at the last forming step at particular critical elements in a FEA model are used to calculate the margin of tearing. We averaged the stress information through the sheet thickness. For the particular wheelhouse problem, we can have the potentially critical elements as shown in Fig. 4 . 
Potentially critical elements
Wrinkling Prediction Model
Under in-plane compressive loads, sheet metals face a challenging phenomenon known as 'wrinkling.' The occurrence of wrinkles leads to possible appearance and assembly problems. For deformed sheet metals, Wang and Cao (2000) proposed an energy-based wrinkling criterion. The stability condition is expressed as To analyze wrinkling in sheet metal forming processes, we consider a model of a rectangular region (a×b) in an x-y plane. The region is under a uniform compressive load σ x in the x-direction and a uniform tensile load σ y in the y-direction. The region is free of any surface contact. A schematic of a plate under an in-plane biaxial loading condition is shown in Fig. 5 . For a straight side-wall model, the concerned region can be simplified as a plate clamped at four sides. At the critical point (A(7 = AJ), the critical buckling stress can be obtained as (4) where L aj3}cr is defined in details in Wang and Cao (2000) , and m and n are buckling modes.
Similarly to the tearing analysis, we need a quantitative measure for the design model. The margin of wrinkling is defined by the difference between the applied compressive stress and the critical compressive stress. Also, in order to be consistent, we define the margin to be positive when the applied compressive stress is less than the critical compressive stress as / 2 = cr -<J critical ,
where <J critical is defined in Eq. (4).
From one finite element analysis, we can define a potentially critical region that is risky to wrinkling as shown in Fig. 6 . To calculate the margin of wrinkling, we use the in-plane principal stress from averaging the stresses through the sheet thickness. It should be noted that the dimension of the potentially critical region may change from case to case. 
STATISTICAL MOMENT ESTIMATION VIA WEIGHTED THREE-POINT-BASED METHOD
A weighted three-point-based method is an approximation technique used in this study for statistical moment estimation, proposed in Buranathiti, Cao, Chen (2004) and Buranathiti, Cao, Chen, Xia (2005). The total variance of a system response g is then formulated as follows (6) where $ k is a corresponding weight to the kô bservation point. The weight and location of the observation points depend on the distribution of x. A summary of optimized values of these parameters for normal and uniform distributions is given in Table 1. For the normal distribution, the most widely used probability density function, we transform the random variable x into the standard normal space z, i.e. z e (-00,00), by using the following standard normal transformation where // is the expected or mean value of x, and cr 2 is the variance of x. For uniform distributions, we transform the random variable x into a master space z (i.e. z e [-l,l]) by using the following linear mapping transformation
After the locations in the z space are selected, one needs to transform z back to the real space x. 
ILLUSTRATION EXAMPLE
In this section, we present the details of our robust design process and results. An initial set of parameters 870 sides. At the critical point ( ), the critical buckling stress can be obtained as Similarly to the tearing analysis, we need a quantitative measure for the design model. The margin of wrinkling is defined by the difference between the applied compressive stress and the critical compressive stress. Also, in order to be consistent, we define the margin to be positive when the applied compressive stress is less than the critical compressive stress as
where critical σ is defined in Eq. (4). From one finite element analysis, we can define a potentially critical region that is risky to wrinkling as shown in Fig. 6 . To calculate the margin of wrinkling, we use the in-plane principal stress from averaging the stresses through the sheet thickness. It should be noted that the dimension of the potentially critical region may change from case to case. 
STATISTICAL MOMENT ESTIMATION VIA WEIGHTED THREE-POINT-BASED METHOD
A weighted three-point-based method is an approximation technique used in this study for statistical moment estimation, proposed in Buranathiti 
where is a corresponding weight to the k th observation point. The weight and location of the observation points depend on the distribution of x. A summary of optimized values of these parameters for normal and uniform distributions is given in Table 1 .
For the normal distribution, the most widely used probability density function, we transform the random variable x into the standard normal space z, i.e. z ∈ (-∞,∞), by using the following standard normal transformation
where µ is the expected or mean value of x, and is the variance of x. For uniform distributions, we transform the random variable x into a master space z (i.e. 
where
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ILLUSTRATION EXAMPLE
In this section, we present the details of our robust design process and results. An initial set of parameters of interest is summarized in Table 2 as we begin with an initial screening process. The data from Table 2 is used to create a design of experiments (the one-factor-at-a-time strategy) for an initial screening process. The results in terms of margins from the design of experiments are presented in Table 3 . According to Table 3 , we can conclude that the Young's modulus (E) has insignificant impact to the system and therefore is dropped to a constant process parameter. In addition, the Young's modulus is not considered to vary that much in reality. Also, the yield stress (Y) has small impact to the system response and therefore is dropped to a constant process parameter. For the punch speed, we can observe that it has some effect to the system response as we can consider this parameter as the numerical noise. However, the numerical noise is not the focus in this study and therefore is discarded. , W 2J M>I, w 2 , are 1.0; M^ is 50.0; Z^ is 750.0; and k t is 3.0 for the robust design model.
After we defined the design variables and process parameters of the system, we conducted a design of experiments based on the Latin hypercube design (Kalagnanam and Diwekar, 1997) for better exploration as shown in Table 4 . A set of simulation results (fi and / 2 ) according to the design is also summarized in Table 4 . It should be noted that y in Tables 3 and 4 does not take uncertainty into account. After we studied the stamping process through two designs of experiments in Tables 3 and 4 , we can create a surrogate model to approximate the response for further design under uncertainty. It should be noted that we will only vary the design variables; not the design parameters. An initial set of design variables and process parameters for the robust design model solving via sequential quadratic programming (SQP) in all cases in this study is summarized in Table 5 . First, we considered a case of the deterministic design by neglecting all the uncertainties in the model. After the optimization search, we have an optimal set of design variables as shown in Table 6 . The deterministic solution was then put through a uncertainty check following the standard deviations in Table 5 , and it was found that the margin of failure for tearing violates the constraint by 25.20 MPa (or at 18.17% of cases by a normal approximation). In other words, the deterministic model is too risky to be implemented.
Then, we take uncertainties into account in the design optimization codes. By solving the design model with the weighted three-point-based method for statistical moment estimations, we have an optimal set of design variables as summarized in Table 7 . Table 7 . In addition to the comparison to the deterministic design, we compare the design with the implementation of MCS (with 50,000 samples) instead of the weighted three-point-based method for the statistical moment estimation. The results of three different MCS simulations with the same initial conditions are summarized in Table 8 . As can be seen from the table, the results from MCS are not robust due to numerical errors (i.e., quite different solutions with totally different outcomes are obtained from multiple tries even though the initial values are the same). The sets of solution shown in Table 8 are merely a demonstration of the argument. In terms of computational time saving, to get the solution in Table 7 only needs about 1 second compared to about 10 minutes in Table 8 .
DISCUSSIONS AND CONCLUDING REMARKS
The main focus in this study for robust design in sheet metal stamping is how to consistently quantify the margin of safety/failure (tearing and wrinkling) and to efficiently take uncertainties into account to create a system-level robust design model. A wheelhouse stamping process is used as an example to demonstrate the design under uncertainty approach constrained with failure analysis. The robust design for a wheelhouse stamping process is conducted to maximize the total mean value of margins and to minimize the total variance of margins. We used the weighted three-point-based method as the uncertainty propagation technique for statistical moment estimation to compare with results from other techniques. We can see that the weighted three-pointbased method offered a good solution that well agrees with moments and responses from MCS in a more efficient and a more robust manner. The feasibility of the implementation of design and optimization under uncertainty in sheet metal forming processes constrained with failure analysis is presented in this work to encourage further implementation in other industrial cases.
